Axion and axion-like particle models are typically affected by a strong fine-tuning problem in conceiving the electroweak and the Peccei-Quinn breaking scales. Within the context of the Minimal Linear σ Model, axion-like particle constructions are identified where this hierarchy problem is solved, accounting for a TeV Peccei-Quinn breaking scale and a pseudoscalar particle with a mass larger than 10 MeV. Potential signatures at the LHC are discussed.
I. INTRODUCTION
A suggestive mechanism to protect the Higgs mass from radiative corrections arises when the Higgs field belongs to the Nambu Goldstone Boson (GB) sector of a model equipped with a global symmetry G spontaneously broken, by an unknown strongly interacting dynamics, to a subgroup H. In the Composite Higgs (CH) framework, the Standard Model (SM) GBs and the Higgs field parametrise (some of) the coset G/H coordinates and are forced to be strictly massless [1] [2] [3] [4] . The gauging of the SM symmetries and the introduction of fermionic Yukawa couplings introduce an explicit breaking of G, leading to a non-vanishing mass term for the Higgs and to the spontaneous breaking of the electroweak (EW) symmetry.
The minimal CH model (MCHM) [5] , is based on the symmetric coset G/H = SO(5)/SO(4). Extended constructions have been presented in Refs. [6, 7] . CH models are typically written in the language of effective field theories, parametrising the lack of knowledge of the strongly interacting sector with a large set of unknown coefficients. This description is consequently valid only up to a scale Λ s , where strong dynamics resonances are supposed to appear.
The Minimal Linear σ-Model (MLσM) [8] [9] [10] [11] is, instead, a renormalisable model that represents a convenient and well-defined framework that, at need, by integrating out the extra scalar degree of freedom (dof) σ, matches the usual effective non-linear MCHM [5, [12] [13] [14] Lagrangian, or the more general Higgs Effective Field Theory Lagrangian . Following the treatment of Ref. [10] , the symmetry content of the MLσM consists of a global SO(5) spontaneously broken to SO(4) when the scalar SO(5) quintuplet φ, containing the SM EW doublet Higgs H and the EW singlet σ, acquires a non-vanishing vacuum expectation value (VEV) f , assumed to be at the TeV scale in order to solve the Higgs naturalness problem. Besides the SM gauge bosons and fermions, the spectrum accounts for additional sets of vector-like exotic fermions, both in the trivial and in the fundamental representations of SO (5), in such a way that SO(5) invariant Yukawa couplings can be introduced. Moreover, non-vanishing masses for the SM fermions originate through the partial-compositeness mechanism [36, 37] , by adding bilinear (SO(5) breaking) operators between the SM and exotic fermions. Finally, the symmetry sector is customarily enlarged by an extra U (1) X symmetry to correctly account for the SM hypercharge assignment. By extending the MLσM spectrum with an additional complex scalar field s, singlet under SM and SO(5) symmetries, and by supplementing it with an additional global Abelian symmetryà la Peccei-Quinn (PQ) [38] , U (1) PQ , an axion or an axion-like particle (ALP) can also be introduced. Such a framework has been dubbed Axion-MLσM (AMLσM) [39, 40] .
The tree-level renormalisable scalar potential associated to the AMLσM, describing the spontaneous SO(5)/SO(4) and PQ symmetry breaking, reads [40] 
where λ, λ s and λ sφ are dimensionless parameters, f and f s the SO(5) and U (1) PQ symmetry breaking scales, and the dots stand for all possible SO(5) and/or PQ explicit breaking terms necessary to guarantee the EW symmetry breaking, a viable SM spectrum and the renormalisability of the model. It is customary to parametrise the complex scalar singlet s, in the PQ symmetry broken phase, with an exponential notation,
with r the radial component field and a the pseudoscalar field, to be identified with the axion or ALP dof. The axion (or ALP) decay constant f a ≡ r ≡ v r is typically of the order of the PQ breaking scale f s and may undergo strong constraints arising from the experimental limits on the pseudoscalar coupling to photons. In the case of a being the QCD axion, with mass m a < 10 eV, the bound 1 on the scale f a is [48] [49] [50] f a |g aγγ | × 10
where g aγγ is the adimensional effective coupling of the axion to two photons and depends on the fermionic spectrum and on the PQ charge assignment considered. For masses 10 eV < m a < 0.1 GeV the constraints become even stronger [51] . The bound in Eq. (3) strongly crashes with the requirement of a natural EW scale. Indeed, as explicitly shown in Ref. [40] , either the coupling λ sφ in Eq. (1) is unnaturally set to 0, or the "effective" SO(5)/SO(4) breaking scale, labelled f R , runs to the highest scale, f R ≈ f s ≈ f a , reintroducing a strong fine-tuning between the EW and the CH scale, ξ = v 2 /f 2 R ≪ 1. This suggests that the AMLσM framework is "natural" only if f s , and therefore f a , are at the TeV scale.
To escape the constraint in Eq. (3), two approaches can be outlined. The first is still to rely on the QCD axion paradigm, as the solution to the strong CP problem: in this case a specific (ad hoc) choice of the PQ charges can be identified such that the aγγ coupling is vanishing [52] and consequently the astrophysical constraints are automatically evaded. The second approach consists in abandoning, partially or completely, the QCD ansatz and considering, instead, an ALP particle: then the inverse proportionality relation between the QCD axion mass and its decay constant does not need to be enforced anymore and a mass larger than 0.1 GeV can be achieved, relaxing the astrophysics bounds on the aγγ coupling, f a |g aγγ | GeV.
In Ref. [40] , a minimal ALP scenario in the AMLσM framework has been considered, assuming that the PQ dynamics does not intervene in the explicit breaking of the SO(5) symmetry, i.e. the two scales f and f s are independent. While f can be taken at the TeV scale and the phenomenology associated to the SO(5)/SO(4) sector turns out to be very similar to the one described in the original MLσM in Ref. [10] , the scale f a , and therefore f s , is bounded from LHC data to be 200 TeV for an ALP with mass m a ∼ 1 GeV. This reintroduces a (little) fine-tuning problem between the two scales f and f s .
In this letter, the mechanisms behind the PQ symmetry and the SO(5) breaking are instead identified assuming f s = f around the TeV scale (the possibility of f s ≈ f has already been considered in Ref. [39] , where however only the QCD axion scenario has been investigated). This opens up alternative constructions with respect to the ALP solution considered in Ref. [40] . As shown in Sect. IV, these AMLσM realisations can be predictive and testable at colliders.
In Sec. II the introduction of an ALP in the MLσM is reviewed, while in Sec. III viable, natural and minimal models are identified. The associated phenomenology is discussed in Sec. IV and final remarks are deferred to Sec. V. In the App. A, the ALP Lagrangian is reported with the explicit expression for the ALP-gauge boson couplings.
II. INTRODUCING U (1)PQ IN THE MLσM
The AMLσM [39, 40] is characterised by the global symmetry SO(5) × U (1) X × U (1) PQ . The spectrum includes the SM gauge bosons, the SO(5) scalar quintuplet φ, the complex scalar s, the third family SM fermions and four exotic fermions, two SO(5) quintuplets ψ ( ′ ) and two SO(5) singlets χ ( ′ ) . Only the exotic fields transform under U (1) X , with the unprimed (primed) fields having a charge +2/3 (−1/3) respectively. The SM hypercharge Y is given by the following combination between the generators of SU (2) R ⊂ SO(5) and U (1) X :
The decomposition of the exotic fermions and their transformation properties under the SM gauge symmetry can be found in Tab. I. Generalising the notation of Ref. [39, 40] , the SO(5) × U (1) X invariant Lagrangian containing the fermionic interactions can be written as follows:
The first line contains the kinetic terms for all the fermions plus the direct mass terms, M
1,5 , of the exotic fields. The second and third lines refer to the top sector. The terms proportional to y i are SO(5) invariant Yukawa terms between exotic fermions and the scalar quintuplet. The ones proportional to z i andz i are Yukawa-type interactions, between the exotic fermions and the SO(5) singlet scalar, which contribute to the exotic fermion masses once the PQ symmetry breaking occurs. In the third line the partial compositeness operators linking the exotic fermions and the top quark are included, needed for providing a non-vanishing top mass. The first two terms, which are proportional to ∆ i×j , explicitly break the SO(5) symmetry, while the last one is, instead, SO (5) preserving. The ∆ i×j quantities play the role of spurions [53] [54] [55] [56] [57] for the SO(5) × U (1) X symmetry. Finally the last two lines refer to the bottom sector and all the previous comments on the unprimed terms apply to their primed counterparts as well.
With the exotic fermions acquiring masses larger than the EW scale, a fermionic Seesaw mechanism provides the masses for the SM fermions [4, 36, 37, [58] [59] [60] [61] [62] [63] [64] [65] : the Leading Order (LO) contribution reads:
where v h , v σ and v r are the VEVs of the physical field h, σ and r, satisfying to v
, and the functions of v r are defined as
Similar expressions hold for the bottom sector too.
A general comment has to be highlighted. In the Lagrangian in Eq. (5) and in the expressions for the SM fermion masses above, not all the terms can actually be present at the same time. Depending on the specific choice of the PQ charges, several terms are simply forbidden: in particular only one term among those proportional to Λ i , to k i and tok i is allowed for a given PQ charge assignment; a similar observation holds for the terms proportional to M i , z i andz i .
Once the fermionic Lagrangian is fully determined, the computation of the 1-loop contributions to the scalar potential is straightforward: the Coleman-Weinberg (CW) formula [66] allows to extract the divergences generated at 1-loop with internal fermion and gauge boson lines. This aspect has been described in details in Ref. [10, 40] for the MLσM without and with the presence of the PQ symmetry. In general, several divergent contributions arise at one loop that cannot be re-absorbed in the treelevel SO(5) invariant scalar potential in Eq. (1). In consequence, to have a renormalisable Lagrangian, consistent with a viable EW symmetry breaking, the corresponding terms need to be added to the tree-level scalar potential. As two is the minimum number of explicit SO(5) breaking terms needed to have a viable EW breaking sector, constructions with only two extra parameters in Eq. (1) have been dubbed "minimal".
III. VIABLE, NATURAL & MINIMAL AMLσM
A proper model should be viable, natural and minimal. In order to construct an AMLσM satisfying these three features, the following guiding conditions are required: i) third generation SM fermion masses are generated at LO and therefore the expression in Eq. (6) must not vanish; ii) no large hierarchy is present between the SO(5) and U (1) PQ breaking scales; iii) the model depends on the minimal possible number of parameters.
In order to identify the PQ charge assignments compatible with these three requirements, it is useful to introduce the following five PQ charges differences: for the top sector,
Similar quantities can be defined for the bottom sector by replacing the unprimed with the primed fields. Condition i) is satisfied by requiring that none among y 1 , Λ 1 (v r ), Λ 3 (v r ), M 1 (v r ) and M 5 (v r ) is vanishing. Alternative possibilities with non-vanishing Λ 2 (v r ) turn out to be non-minimal. In terms of the quantities defined above, this corresponds to
Whenever one of these quantities vanishes, the corresponding allowed term in the Lagrangian is the constant one: i.e. y 1 , Λ i and M i . On the other hand, if any of the charge differences is equal to −n s (+n s ), the corresponding term, allowed in the Lagrangian, is proportional to s (s * ). As an example, ∆ χ = 0 indicates that χ L and χ R transform under U (1) PQ with the same charge and therefore the term M 1 χ R χ L is invariant under U (1) PQ and should be kept in the Lagrangian. If, instead, ∆ χ = −n s , then the z 1 χ R χ L s term is the invariant one. There are 3 4 = 81 possible different configurations compatible with condition i) for a single fermion sector, while any value different from 0 or ±n s leads to vanishing SM fermion masses.
The naturalness requirement, condition ii), is satisfied only if all the scales in the Lagrangian, except for M 1 and Λ 3 , are in the TeV range. The SO(5) and U (1) PQ breaking scales f and f s need to satisfy to this condition in order to avoid large fine-tunings in the tree-level scalar potential, as discussed in the Introduction. For the other quantities, such as M 5 , Λ 1 and Λ 2 , the reason resides in the fact that they correct the scalar potential parameters at one-loop (see Ref. [40] for details). If these parameters are much larger than the TeV, large fine-tunings would be necessary in order to guarantee a viable EW VEV. M 1 and Λ 3 evade this condition because they do not enter the CW contributions: as already pointed out in Ref. [39] , they only need to satisfy Λ 3 /M 1 ∼ 1 in order to provide a viable value for the mass of third generation SM quarks -see Eq. (6) -assuming natural Yukawa couplings y i .
The minimality condition iii) only concerns the number of parameters that enter the scalar potential once considering the 1-loop contributions. Two divergent terms, proportional to h 2 and h 4 , arise from the CW potential induced by the gauge bosons: these divergences are independent of the specific PQ charge assignment and therefore the corresponding terms necessarily enter the final scalar potential. Minimal constructions are those where the fermionic CW potential does not introduce any additional divergence that cannot be absorbed by a redefinition of the parameters in Eq. (1) or of h 2 or h 4 , as discussed in Ref. [40] .
Out of the 81 possible AMLσM constructions, only seven satisfy to all three conditions and they are listed in Tab. II, defined by the PQ charges of the fermion fields, written as a function of the charge n s of the PQ scalar field. In the same table, the parameters entering the Lagrangian are explicitly reported. On the right side, the corresponding values for ∆ ψ , ∆ χ and ∆ t ≡ n qL − n tR (9) are listed, as they will be relevant in the phenomenological section that follows. A sibling for each configuration can be found by replacing n s → −n s ,k 3 → k 3 , z 1 →z 1 , k 1 ↔k 1 and z 5 ↔z 5 . A charge assignment and its own sibling, for a given fermion sector, are completely equivalent. All the remaining Lagrangian parameters that are not listed in this table are not allowed for symmetry reasons. Similar considerations hold for the bottom quark sector, in terms of the PQ charge differences ∆ ψ ′ , ∆ χ ′ and
The top and bottom sectors are not completely independent as q L enters simultaneously in the quantities of Eqs. (9) and (10) . The values listed in Tab. II hold simultaneously for the top and bottom sector, with an extra freedom of a global sign difference between the two. In what follows, the notation M + i has been adopted for the same charge case, defined by ∆ ψ = ∆ ψ ′ , ∆ χ = ∆ χ ′ and ∆ t = ∆ b , while M − i for the opposite charge case, where
The scalar potential associated to all the models listed in Tab. II has already been studied in Ref. [40] , together with the phenomenology associated to the exotic fermions and scalar fields. As a consequence, the next section will only focus on the ALP phenomenology.
IV. THE ALP PHENOMENOLOGY
Due to the well-known anomaly contribution, the axion-gauge Lagrangian, derived from Eq. (5) can be written as:
where X µν ≡ ǫ µνρσ X ρσ /2 and the convention ǫ 1230 = +1 is used. The mass independent anomaly contributions to the coefficients c ai are explicitly reported in App. A1, in terms of the PQ fermionic charges, while in Tab. III the anomalous coefficients for the seven models summarised in Tab. II are listed. It is now possible to discuss the phenomenological features of the seven AMLσM constructions presented. Firstly, all models, but M ± 7 , have a non-vanishing coupling between the ALP and two photons. As a consequence, the strong bound present on this coupling -reported in Eq. (3) -translates into a constraint on the scale f a that should be much larger than the EW scale, introducing a strong Hierarchy problem in the scalar potential (tree and loop level [67] ). In order to avoid this fine-tuning problem, m a 0.1 GeV has to be considered for all the models M ± 1−6 . As a drawback, none of these ALP models provide a solution to the Strong CP problem: such a large mass would correspond to an explicit breaking of the shift symmetry, perturbing the QCD potential and preventing the classical solution of the QCD axion models [38, 42-45, 68, 69] .
On the other hand, having f a in the TeV region opens the possibility of direct searches of ALP signatures at present and future experimental facilities [40, 50, 70] . For a generic ALP, the most stringent bounds come from mono-W and mono-Z signals [71] :
while present measurements on the Z boson width put a constraint on the Z → aγ interaction, which reads
Furthermore, analyses on the anomalous magnetic moment of the muon [72] infer a lower bounds on the axion couplings to photons:
These bounds are obtained by considering a stable ALP at the typical collider length and with m a 1 GeV. The traveling distance of the ALP is generically given by [71] d ∼ 10
For an ALP of m a ∼ 1 GeV, f a ∼ 1 ÷ 10 TeV and typical momentum |p a | ∼ 100 GeV, the traveling distance is around (1 ÷ 100)/c 2 ai m. As a consequence, depending on the specific model considered and therefore on the ALP couplings, for masses larger than the GeV, the ALP typically decays inside the detector and a few other observables may also be considered, where the final state is not missing energy [50, 71, 73, 74] .
From Tab. III, all the selected models, except for M instead, the aW W coupling is vanishing and the next most relevant bound becomes the aZZ one, giving:
For all these cases, f a can be of a few TeV, where the SO(5) breaking mechanism also occurs.
Models M ± 7 are worth an additional comment as they present rather peculiar features. From one side they share the same limits from aW W of models M ± 2 , presenting a mild fine tuning between the PQ and the CH (EW) scales -see Eq. (16) . On the other side, having a vanishing aγγ coupling, they are almost free from astrophysical constraints, summarised in Eq. (3) and in the subsequent paragraph. Therefore, masses lower than the GeV can be considered. One may wonder whether this features favours a solution to the Strong CP problem, but the vanishing of agg coupling prevents this possibility. On the other hand, in this case, limits on axion couplings to top and bottom quarks, can be obtained from stellar cooling data [75] : for both the M 
These bounds have been derived translating the existing bounds on axion coupling to electrons into constraints on the axion emission occurring via a top or bottom loop and therefore only apply for ALP masses m a ≤ 10 keV.
V. CONCLUSIONS
The strong bounds on axion/ALP couplings to photons and electrons imply very high values for the PQ breaking scale f a . This represents the origin of a hierarchy problem present in most of the axion models: the quartic coupling in the potential between the Higgs field and the complex scalar field, associated to the axion, can be hardly ever prevented by symmetry arguments. As a consequence, avoiding fine-tuning among parameters, any other energy scale tends to be close to f a . The AMLσM is a well defined and renormalisable framework where to address this problem. To delimitate the landscape of possible PQ charge assignments, three criteria have been imposed: i) third generation SM fermion masses are generated at LO; ii) the SO(5) and U (1) PQ breaking scales coincide; iii) the model depends on the minimal possible number of parameters. Seven possible scenarios have been identified. Focussing on ALPs with masses larger than 10 MeV, the aforementioned astrophysical bounds on couplings to photons and electrons are avoided. In three models, the ALP does not couple to W s and therefore these constructions escape the strong bounds from mono-W signals at colliders. The next most relevant bounds come from mono-Z signals at colliders that translate into limits on f a of a few TeV. In these realisations, then, the PQ and SO(5) breaking scales can satisfy to f a = f ≈ TeV and a natural AMLσM can be obtained free from any fine-tuning.
In the previous expression, ∆ f are defined in Eqs. (8) , (9) and (10), while n f is the PQ charge of the generic field f that are reported for simplicity in Tab. IV. The axion-gauge boson terms account for the anomalous contributions originated from the traditional 1-loop fermion-mediated diagrams.
n ψ L = nχ R = n ψ R + ns = nχ L − ns = nq L + ns = nt R − 2ns = n ψ ′ L + 2ns = nχ R + 2ns = n ψ R + ns = nχ L + 3ns = n b R + 4ns Table IV . Definition of all the models in terms of the PQ charges of the fields as a function of ns.
